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Jacobian Matrix Computation based on Numerical
Differentiation Using Multiple Precision Floating-point
Arithmetic and Extrapolation

Tomonori Kouya*
*Shizuoka Institute of Science and Technology

Abstract. Nowadays, the Jacobian matrix computation is usually based on automatic differ-
entiation(AD). Unless AD can be applied, numerical differentiation is selected. In this case,
it generally yields a low precision. However, we can obtain an arbitrary precision Jacobian
matrix by using extrapolation and multiple-precision floating-point arithmetic. In this paper,
we propose an arbitrary precision numerical computation method of Jacobian matrix based on

numerical differentiation using extrapolation, and demonstrate its efficiency through numerical
experiments using MPFR [7].
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Table 1. Numerical results for (4.1): n = 30.
# bits (decimal) | max. relative errors | comp. time(sec) | max. #stages
IEEE754 double 1.02E -5 0.01 6
128(38.5) 7.65E — 37 0.15 9
256(77.1) 2.80E — 74 0.35 13
512(154.1) 2.57E — 149 0.92 19
1024(308.3) 1.28E — 300 2.9 28
2048(616.5) 5.30E — 606 12.4 40
4096(1233) 1.76E — 1216 65.3 58
8192(2466) 2.06E — 2441 358.6 84

Table 2. Numerical results for (4.1): n = 1000.

# bits | max. relative errors | comp. time(sec) | max. #stages
128 397E -8 226.4 9
256 2.43E - 12 466.6 13
512 7.73E — 145 1047.6 19
1024 3.80E — 296 3012.8 28
2048 7.17E — 601 11434.8 40
Table 3. Numerical results in 8192 bits computation.
log,, & | max. relative errors | comp. time(sec) | max. #stages
50 2.11E - 51 26.5 10
100 8.90E — 102 41.6 15
200 9.12E — 201 62.6 21
500 7.34E — 506 127.5 36
1000 3.16E — 1005 215.0 52
2000 6.56E — 2001 368.0 75
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Table 4. Hires Problem.

# bits max. relative errors | comp. time(sec) | max. #stages
IEEE754 double 337E - 12 0.0 2
128 7.65E — 37 0.0 2
256 3.17E - 73 0.0 2
512 4.11E - 150 0.01 2
1024 2.33E - 304 0.01 2
2048 4.87E - 613 0.03 2
4096 3.51E - 1229 0.04 2
8192 5.05E — 2462 0.13 2
Table 5. Medakzo Problem.
# bits max. relative errors | comp. time(sec) | max. #stages
IEEE754 double 1.03E -3 0.24 2
128 1.61E - 31 2.0 2
256 5.19E - 70 3.1 2
512 3.90E — 147 5.1 2
1024 3.27E - 301 7.4 2
2048 1.87E — 609 18.2 2
4096 4.58E — 1226 52.6 2
8192 5.98E — 2459 166.6 2
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